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1 Introduction

Calabi-Yau metrics, with holonomy contained in SU(n), form one of five families of special geometries within
Berger’s classification of the Riemannian holonomy groups of simply-connected, irreducible, non-symmetric!
Riemannian manifolds [3]. They also have a special role to play within algebraic geometry, and mathematical
physics, in Euclidean theories of gravity and string theory.

Examples of Kahler metrics, with holonomy contained in U(n), are relatively easy to construct: one could
take any holomorphic submanifold of CP" with the Fubini-Study metric, or more generally any holomorphic
submanifold of any Kéhler manifold, see also [4], [5]. The explicit construction of Calabi-Yau metrics is more
difficult, despite Yau’s proof of the Calabi conjecture, showing the existence of Ricci-flat Kahler metrics in a
given Kéhler class, given constraints of topology and complex geometry.

In these notes, we study a construction of Calabi [6], later rediscovered in the physics literature by Page-
Pope [7], of complete Calabi-Yau metrics on the total space of the canonical line bundle over a Kéhler-Einstein
metric.

1.1 Kahler and Calabi Yau metrics

Throughout this introduction, let (M, g) be a complete, connected, Riemannian manifold with dim (M) = 2m.
We begin by recalling the following definitions:

Definition 1.1. Let (M, g,J) be a Riemannian manifold with a complex structure J. We say that (M, g, J)
is Kéhler, if the associated Kdhler form w € QU1 (M), defined by w (u,v) := g (Jv,w) for u,v € T'(TM),
satisfies:

dw=0 (1)

Since Kéahler manifolds have an (almost) complex structure, they are automatically orientable, so we may
define a volume form dV € Q2?™(M) with respect to g, i.e. a nowhere-vanishing trivialising section of this
bundle. Since J acts by orthogonal transformations, the m'" exterior power of the Kéhler form is then a
constant multiple of this volume form. The convention we follow is that:

w™ =m!dV

Example 1.1. On C™ with the standard complex structure, and standard Hermitian metric induced by the
Euclidean metric, i.e. g =3 j dz; ® dz;, we have the Kahler form given by:

i _
w = §Zdszdzj :dej/\dyj
J J

where we identify (21, ..., 2,) € C™ with (21,y1,...,Tm, Ym) € R*™. The standard volume form is:
dV =dzxi ANdyy A ... Ndxgy, N dypm,

A fact, which we will need later, is that the volume form dV may also be used to define a point-wise hermitian
structure on (p, m — p)-forms, 0 < p < m:

Q;mmfp(M) % Qp,m*P(M) —C (Oé,ﬂ) — <04,5>
This is defined by:

alAf= ip2<oz,ﬁ>dV

INote that Calabi-Yau metrics are necessarily Ricci-flat [1]. Since symmetric spaces are complete, and homogeneous [2, P.236],
in particular if they are Ricci-flat, they flat.



In particular for s € Q™0 (M):
mlsAs= im2<s, sHw™ (2)

We will now briefly digress into some holomorphic vector bundle theory, to understand the general context of
our construction [4, Prop 2.6.23]:

Lemma 1.1. If E — M is a holomorphic vector bundle, we may naturally extend the derivative d on p, q-forms
to a C-linear operator O : QP4(E) — QPYTY(E), such that for all o € QPU(E), f € C=°(M):

0%(a) =0 Op(fa) =0f Na+ fopa

Now for any connection V : Q°(E) — Q(E) on E, consider the splitting: V = V0@ V91 Q%(F) —
QLO(E)@ Q%L (E). We say the connection on F is compatible with the holomorphic structure if V%! = g
on sections of E, i.e. on Q"°(E) = Q°(E). If this connection is also compatible with some hermitian structure
on this bundle, then V is the Chern connection for this hermitian structure: one always exists, and it is
furthermore unique.

An example of this Chern connection can be found on the complex line bundle L := A™°(T*M) — M.
Given a connection V on L, and open set U C M, we can find a local non-vanishing section s, so that we can
write:

Vis)=v®s (3)

for some connection 1-form ¢ € C*° (U, T*Ug).

To obtain a Chern connection, we use some of additional structure on L: it is the underlying complex vector
bundle to the canonical bundle Kj; — M, the m!* power of the holomorphic cotangent bundle [4, Prop
2.6.4]. In the case of our hermitian structure on Q"™°(M), the Chern connection is torsion-free, and coincides
with the induced Levi-Civita connection of (M, g) [4, 4.A.7].

There are two formulae we will need from (3) for the Calabi ansatz. Firstly, since the Levi-Cevita connection
is torsion-free:

ds=0s+0s=1vAs (4)

Second, since the Levi-Cevita connection is metric compatible:

d(s,s) = (V(s),s) + (s,V(s))
= (5.5} @ (¥ +) = )
dlog(s,s) = 1® (¢ + )

Since L is a complex line bundle, the curvature is given by dy. The curvature of this bundle relates to the
curvature of the Kihler metric on M via the Ricci form p € QbY(M). For u,v € T'(TM), this is defined by:

p(u,v) := Ric(Ju,v)

This form has the property that p = itrcFy, for V the Levi-Civita connection on /\1’O (T* M) with respect to
the Kéahler metric, [4, 4.A.11]. Since trcFy is the curvature of the Chern connection for the induced hermitian
metric on the canonical bundle L = detc (A" (T*M)), we have:

Lemma 1.2. Let (M,g,J) be Kéihler. Then p = idiy, where di is the curvature of the Chern connection v for
the induced hermitian structure on the canonical bundle L = dete(A\"°(T*M)).

Proof. On any tensor product bundle F; ® Fo with the natural tensor product connection Vi ® Vs, the action of
the curvature on sections splits as a tensor product Fy, @14+1®Fy,. Let (E, g, V) be A"°(T* M), identified with
the holomorphic cotangent bundle, V be the Levi-Civita connection, and g be the hermitian metric with local
holomorphic basis e'...e", and define Fgel = Y. e’ ® FY where FY is a u(m)-valued 2-form. If we consider
the curvature of the complex determinant bundle detc(F), then the induced action of iy on e! A ... Ae" is as
follows:

Fg(e' A ne”) =D e A AFge/ A Ae"
i
=Y A NN AN"RFY
s
:Zel/\.../\ei/\.../\e”®F%j
i

=trc(Fy)et AL Ae”



With this vector bundle theory understood, we return to a special class of Kéhler manifolds:

Definition 1.2. A Kahler manifold (M, g, J) is Kéhler-Einstein if the Ricci curvature satisfies:
Ric (u,v) = Ag (u,v)

for some A € C°°(M). Note that if dimg M > 2, then we must have a constant A = %al Also, by Lemma (1.2),
an alternative restatement of this condition is:

idyp =p=w

Let us make a few remarks about Kahler-Einstein metrics before moving on. The sign of A can have
important topological consequences for M: for example, if A > 0, since the scalar curvature is constant, then
Ric > %al > 0, thus we may apply Bonnet-Myers theorem. This implies that the diameter of M is bounded,
so it must be compact, and furthermore it must have finite fundamental group. Much progress has been made
on the classification of compact Kéhler-Einstein manifolds. For example, in positive scalar curvature, n = 4,
in [8], it is shown that the only possible Kihler-Einstein manifolds are: CP' x CP!, CP?, and Bl,,. . CP?, for
3 < k < 8, where Blplmpk(CIP’2 denotes the blow-up of CP? along distinct isolated points p; ...pg. Here, we
give CP? the Fubini-Study metric?, and CP' x CP' has the product metric. For more references on this, see [9,
Ch.11].

A particularly important class of Kéahler-Einstein metrics occurs when A = 0: in this case, the metric is
Ricci-flat, and the universal cover will be Calabi-Yau. We will recall some of the properties of Calabi-Yau
metrics, following [1]3.

Definition 1.3. Let (M,g,J) be a Kihler manifold, and Q € Q™%(M). We say that (M, g, J,) is Calabi-
Yau, if:

Q=0 (6)
mIQAQ =i wm (7)

We call 2 a holomorphic volume form for (M, g,J). By definition, it has unit norm with respect to the
hermitian metric (2) on Q™°(M).

There are a few implications to this definition, which we will now discuss. The first point is that this
definition implies that /\m’O(T*M ) is trivial. We can see this explicitly: our second equation gives us that 2
is non-vanishing, so any point e of the line bundle /\m’O(T*M) may be written as e = z{), where z € C will
parametrize the fibre coordinate of M x C.

The second point to make concerns the Ricci form p € QU1 (M). We have that dQ = 9Q = ¢ AQ = 0 where 3
is the induced Levi-Civita connection one-form. Since ) is a non-vanishing (m, 0)-form, this implies Imi) = 0,
and by (5), since the hermitian norm of € is constant, 9» = —1). Therefore 1) = 0, so /\m’O(T*M) is flat, and
p =0 by Lemma 1.2.

If M is simply-connected, then Ricci-flat Kahler metrics correspond to Calabi-Yau metrics in the following
way: one may use the flatness condition on the canonical bundle to trivialise it by a non-zero parallel section.
This section may not be globally defined when M is not simply connected, so canonical bundle may not be
trivial. However, one can avoid this by working on the universal cover of M instead.

2 Calabi Construction

As discussed in the introduction, the problem that motivated the Calabi construction was to construct non-
homogeneous Ricci-flat Kahler metrics, this is done on the total space of the canonical bundle over a Kahler
manifold, viewed as a holomorphic line bundle. Certainly, if we want the metric to be Calabi-Yau, then we
must impose that the base is at least Kahler, but we will see that there will be extra conditions on the base
metric depending on the curvature of this bundle.

Let (M, J,gnr) be a Kéhler manifold, and 7 : L — M be the canonical bundle with fibre F' = C. Locally at
least, the tangent space T'L splits, so an ansatz for a metric g on L|y for some open U C M would be to split
the tangent space orthogonally at p € L|y:

g =u(p)gu +v(p)gr (8)

2In any dimension, CP" with Fubini-Study is an example of a positive Kihler-Einstein metric.
3 Although we drop the condition of compactness.



To make sure this is ansatz is well-defined, independent of trivialisation, we would require at least a global
splitting of T'L. This can be achieved by fixing a lift of TM to T'L, i.e. a connection on L. The natural choice
would be to use the Chern connection on L.

Now, away from the zero section of L, L\M = P x (0, 00), where P is the principal circle bundle as defined
by the hermitian structure (2). So, we can write a global splitting T' (L\M) = kerdr @& H, where H is the
horizontal subspace defined by the kernel of a connection one-form on P, and kerdr = T'C.

If we choose some (possibly non-holomorphic) local section s € C* (U, P), so that as in (3):

V(is)=9y®s

We know by (5) that —t = 1), so it is a real 1-one form, so on P|y = U x S' 3 (z,0), define the real 1-form
on P:

o :=db — i

This is a S'-invariant one-form which is the identity on ker dr, i.e. ¢ is a connection form on P. This means
that if the local coordinates for L|y = U x S* x (0,00) are (x,0,r), then the one-forms appearing in the fibre
metric should be dr and df — i.

We will make the further assumption in our ansatz (8) that u,v depend only on r. Then by promoting
df +— o for the flat metric dr? + r2df? on C, we can write a warped product of a metric on the fibre C and the
metric on M as:

g =u(r)gay +v(r) (dr2 + 7"202) (9)

Now, for any choice of smooth functions w, v, this defines a metric on L\M. Furthermore, if wys is the Kéahler
form on M, then a natural ansatz for the Kahler form for g on L is given by:

w=u(r)wy —o(r)rdr Ao (10)

With this ansatz for the Kéhler structure fixed, we will make some additional comments. We can write
every section § of L as zs for some s € C*® (M, P), z € C* (M, C), possibly degenerately. So locally, by Leibniz
rule, and equation (3), we may write the section:

V(zs) = (dz+ 2¢p) ® s

For ease of notation, let us identify ¢ with its pull-back via 7, so that we write (dz + zv¢) as a 1-form on L|y.
Locally, we may consider z as a coordinate on our fibre. Let us investigate what this looks in polar coordinates.
Write z = re?, so that:

dz = € (dr + ird) dz + z1p = € (dr 4 ir(df — ivp))

This is a well-defined tensor on L|y, and can be locally extended to the zero section at z = 0. To make an
ansatz for the holomorphic volume form for the metric (9), we further claim that we can use the derivative of
the tautological form zs, i.e.

Q=d(zs)=(dz+ z¢0) As (11)
This is well defined on L as the S*-action on this section is trivial.
Proposition 2.1. On some open subset of L, with ) as defined above, and
g =u(r)gu +v(r) (dr® +r’c?) w=u(r)wy —o(r)rdr Ao (12)
(9,w, ) is a Calabi-Yau structure iff gnr is Kdhler-Einstein, and u,v satisfy:

2m  du m
V= ———— 2=u"v
rscal(gar) dr

Proof. We must check this structure is Kéhler, i.e. dw = 0, that it is furthermore Calabi-Yau, i.e. d€) = 0 and
(©,9Q) = 1. As for the first point:

d
dw = d—udr/\wMJrvrdr/\da
r

=dr A (duwM — ivrdzﬁ)
dr



Then clearly, for this to vanish, it is necessary that gn; be Kéhler-Einstein, as in definition (1.2): i.e. that wys
is proportional to idiy. Again, gas is in particular Einstein, thus the ratio is constant for m > 1, and equal to
the scalar curvature over the real dimension of M, i.e.:

scal(gr)

S = idi (13)
Define T' := ‘“’2%1 If (13) holds, then for w to be closed, we must have the ODE in w, v:

1 du
rT dr

Now for the Calabi-Yau conditions. Clearly €2 is closed, but we must check unit norm:

(m + 1)IQ A Q = i D" (Q, Q) (m+D)
m+ D(dr +iro) A s A (dr —ire) A§ = —im+D)’ Q.Q) (m+ 1) u"vrwi; Adr Ao
M

-m 2

—(m+ D(=1)"2irdr Ao A Z—| Awhp = —j(m+1)? (Q, ) (m + Du™vrwiy Adr Ao =
m!
2={(Q,Qumv
O
Now let us consider solving the ODE explicitly. In terms of u, we get the ODE:
1 du
YL —— 14
YT dr (14)
Integrating, we get general solution, for some constant C":
1 __m_
u= (T (m+1)r*+C)" v=2(T(m+1)r*+C) ™
Re-defining our parameter 7: 7 —s r(m + 1)~ 2, our metric (9) becomes:
1 2 __m_
g=(Tr*+C)"™ " gy + o (Tr?+C) ™ (dr® +r?0?) (15)
m

This metric is the one considered by Calabi in [6], also see [10, Th.8.1]. It is Calabi-Yau, by construction, and
as we will show, in the next section, it is smooth and complete on the total space of L, provided g, is complete,
and T > 0,C > 0. First, however, we give an explicit example in the case where m = 1:

Example 2.1. The Eguchi-Hanson metric over T'S2, with base manifold CP' 2 §2 with the Fubini-Study
metric. The Fubini-Study metric on S$? occurs as the base of a Riemannian submersion:

1
(S%,ds3) — <52, 4ds§>
Where ds? is the canonical metric, induced from the Euclidean metric on R"*!. We use isometry:
(5%, ds3) = (SU(2), 07 + 03 + 03)
where o; is the the canonical left-invariant basis of T'SU(2), and the U(1)-action on S3 generates a vector-field

dual to o1. Using this form of the metric, we write the Fubini-Study metric at 77 SU(2), normalised so that
T =1 as 05 + 035. So we can write the Eguchi-Hanson metric as follows:

1 1 _1
qg= (r2+0)2 (O’%+0’§)+§(7’2+C) 2 (dr2+r20%) (16)

To give this in a more recognisable form, we write this using the parametrization:

t? = (7"2—&—0)%

c\! C
gEH = (1 - t4> dt* + 12 ((1 — 154) o? + 09? +032)



In this parametrisation, the asymptotic behavior as ¢ — oo is the limit C' — 0, which locally gives the Euclidean
metric. A Kahler form for this metric is given by:

wpy = tdt Aoy + t2o9 A o3
Note that this agrees with our convention:
w%EH = 2t3dt A o1 Nog Nog =2dVgy

Also, the holomorphic volume form is given by:

o\ ot
QEH:<<1_t4> dt—‘-it(l—ﬂ) O'1>/\(t0'2+it0'3)

3 Boundary Conditions

Let us consider the possible values of our two real-valued parameters (T, C). Out of the nine combinations of
possible cases T < 0,7 = 0,7 > 0, and C < 0,C = 0,C > 0, clearly equation (14) only has real solutions,
and this metric is only defined if 772 + C' > 0, so straight away, we may throw out two cases (T' < 0,C < 0).
Also we may discard cases where T' = 0, since by (13), this implies that the Ricci curvature vanishes, so the
universal cover M of M is Calabi-Yau, in particular the canonical bundle is trivial with flat connection i.e. we
can choose s such that v vanishes, hence this metric just reproduces the product metric.

We summarise the results of this section with the following table:

T <0 T=0 T>0
C < 0 | Not defined | Product | Incomplete
C =0 | Not defined | Product Singular
C >0 | Incomplete | Product | Complete

Now we show both the cases (T' < 0,C > 0) and (T > 0,C < 0) do not define a complete metric for essentially
a single reason: that radial geodesics reach Tr% + C = 0 in finite time, despite this being a degenerate point for
the metric in these coordinates.

Proposition 3.1. The metric defined in (15) is complete and not isometric to a product metric iff ga is
complete, and T > 0,C > 0.

In the interest of rigour however, we will prove the following basic lemma for general Riemannian metrics:

Lemma 3.2. Let r parametrize the interval I C R, and (I x P,g = f(r)%dr? + gr) be a Riemannianian mani-
fold, for some smooth function f, manifold P with smooth 1-parameter family of Riemannian metrics g,, then
the arc-length parametrization of the curves ~y,(t) = (t,p) are geodesics, for any p € P.

Proof. We may re-parametrise g by 7 = f; f(s)ds, then dif = fdr. f must be non-vanishing so that ¢ is
non-singular, so far f(s)ds is strictly increasing, hence 7(r) will be invertible on the entire interval, and the
metric g,z on P will be be smooth. Therefore, it suffices to consider g = dr? + g,. Let 71’) = 0,. We want
to show then, that ¢ (Vg 0,,X) =0 for all X € I'(T(I x P)). Now restrict to some open set U C P, so that
we may write X|;,,; in an orthonormal basis with respect to g|;  i.e. X|;, = a0r + > ;54 a:X;, for some
a; € C®(I x U), X; € T (TU), such that g, (X;, X;) = a; °.

1
g (varamar) = iﬁarg (8T78T) =0
And by Koszul formula:
29 (Varar,Xz‘) =29 ([(97-, XZ} ,0r) =0

O

Thus if the unique radial geodesic +y,(t) = (¢,p) through (r,p) cannot be extended for all ¢, then the metric
will be incomplete. This is independent of choice of coordinates for g on I x P, geodesics are independent
of choice of parametrisation. We return to the discussion of the Calabi metric (15), apply this lemma to
L\M = P x R5q. Then in order for the metric to be complete, it is necessary that the radial geodesics should

be defined for all values of the parametrisation by arc-length. However, in the case —% > 0, then 72 — —%



will be singular, so the arc-length should tend to infinity. Since length of a curve is parametrization invariant,
then the length of these geodesics starting at (p,b) € P x Ry will be:

1 % b __m
L, = () /  (Tr* 4+ C) 20 dr
m+1)J-g)

1
This integral in either case is finite: we could see this for example, by noting that Tr2 + C for r > (—%) s

1
bounded below by the line passing through C = 0 and (—%) ? so one may make a linear change of variable to
get a finite integral. E.g. in the case (T' > 0,C < 0):

Lo -1 ~ 3mrD
eV (e () )
mi1) Jgy T

/
b _ m
const x r 2m+D dr
0

b/
< 0
0

The case (T' < 0,C > 0) is similar. Hence radial geodesics for (T' < 0,C > 0) and (T" > 0,C < 0) are not defined
for all time, so these metrics will not be complete. Moving on to the case (T' > 0,C = 0) we have:

m+2
= const X r2(m+1)

1 2 1 1 _ om 9 9 9
g = Tm+t (7”"’+1QM + THTT m+1 (d’f’ +7rco ))
Make the change of variable:
1 1
F=(m+1)2rm

So we get the metric:

(1 I >
=Twe | =di* + = o+
g (T T+  (m+)?

I.e. with this metric has the form of the Riemannian cone over (P, gp), (C’(P), dr? + ngp), with a metric on
P given by:
1

1
2
= o +
" (m+ 1) (m+1

Ty
)

Recall that Riemannian cones are always singular at the origin unless (P, gp) = (S It g gomia ), the unit sphere
in R?™*+2 with the standard metric. On the other hand, the situation is somewhat better than the previous
case, as here our manifold only has potential singularities at the isolated point # = 0. In general, Riemannian
manifolds with Ricci-flat metrics and finitely many isolated conical singularities are known as conifolds [11].
However we still may be able to de-singularise, at least if we choose M, and our parameter T' correctly. We
will return to what choice of parameters amounts to later, but for now, note that P is an S' bundle over M,
so the best we could hope to have is that M is an S quotient of S?™+1. If we choose the Fubini-Study metric
on CP™ =2 §2m+1 /81 with normalisation such that the scalar curvature 7' = #H’ then locally, we retrieve the
standard flat metric on C™*+! =2 R?™+2 yp to overall scaling. However, recall the the canonical bundle of CP™
is isomorphic to O(—m — 1), the (m + 1) power of the tautological line bundle O(—1) on CP™, so in this case
P == §?m+l)7, 1, with Z,, 1 acting along the Hopf fibre. Hence, the metric we get is globally defined on the
orbifold C™ 1 /Z,,, 1.

Finally, we come to the case (T > 0,C > 0). Now S! acts isometrically on P x {r} for fixed r, so to check
completeness, it suffices to check completeness for radial geodesics. Again, this amounts to the divergence of
the integral:

1 % b __m
) s

in the limits b —+ oo and a — 0.

Proposition 3.3. The metric (15) with T > 0,C > 0 is not flat.



Proof. There are many ways of showing this, but we give a quick proof: recall that [2, p.144], that the fix
point-set Fix(S) C M for a set of isometries S C Iso (M, g) is a totally-geodesic sub-manifold, i.e. the second
fundamental form IT(X,Y") vanishes on Fix(S). For arbitrary sub-manifolds N C M, this is given by:

II(X,Y):=V{Y - VyY

where V¥ is the connection on N induced by the Levi-Civita connection V on M. If RY is the curvature tensor
of V¥, then:

g(R(X, Y)W, Z) =g (RN (X,Y)W,Z) — g(I1(Y, 2) , IL(X,W)) + g (IL(X, Z) , IL(Y,W))

Thus the Riemann curvature tensor on a totally-geodesic sub-manifold agrees with the Riemann curvature tensor
of the manifold itself, for X, Y, W, Z € T'(TN). In particular, in our example, if we let S = U(1), with the action
induced from the bundle structure: i.e. sending (z,2) — (z,ze), then M = Fix(S5), and g|,, = C#¥gy. By
our previous analysis, if gps is flat, then so is g, thus (L, g) is flat if and only if (M, gar) is. O

3.1 Interpreting parameters, and asymptotics.

The construction of the Calabi-Yau metric (15), appeared in an apparent two-parameter family, with constants
T,C. However, we will show that these parameters only alter the metric up to an overall re-scaling.

First, recall that we defined T as w. Under a rescaling of the base gy — A\2gas by a constant ), we
T

get T —— A\~2T. Making the re-parametrization r > s in (15), we get the metric:
2

g= (7“2 + C’)ﬁ gm + 1 (7‘2 + C’)_#er1 (dr* +r%0?) (17)

Tm+1

So the only effect of rescaling gns, and thus 7', is changing the overall scale of this metric.
Similarly, notice that equation (14) is homogenous, thus we can expect solutions to be homogeneous, and
indeed, if we re-parametrize:

1
r—rCz

Then we get:

g = Cwe <(Tr2 +1) T gm + %ﬂ (Tr* + 1)—%“ (dr* + r202)> (18)

Thus C represents an overall scale of this metrics, and the manifold M sits inside L, restricted to the zero-section
1

r = 0, with size C'»+1. This also makes explicit what the asymptotics of this metric are: the limit r — oo is

the limit C' — 0, which is the calculation done in the previous section.
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